The object of the present paper is to study a necessary condition for the existence of weakly symmetric and weakly Ricci-symmetric LPSasakian manifolds admitting a quarter-symmetric metric connection.
Introduction
In 1975, Golab [7] defined and studied quarter-symmetric connection in differentiable manifolds with affine connections. A liner connection ∇ on an n-dimensional Riemannian manifold (M n , g) is called a quarter-symmetric connection [7] if its torsion tensor T satisfies T (X, Y ) = η(Y )ϕX − η(X)ϕY, where η is a 1-form and ϕ is a (1,1) tensor field.
In particular, if ϕX = X, then the quarter-symmetric connection reduces to the semi-symmetric connection [6] . Thus the notion of the quarter-symmetric connection generalizes the notion of the semi-symmetric connection.
If moreover, a quarter-symmetric connection∇ satisfies the condition (∇ X g)(Y, Z) = 0, for all X, Y, Z ∈ χ(M n ), then∇ is said to be a quartersymmetric metric connection and the quarter-symmetric metric connection have been studied by De and Kamilya ([3] , [2] ), De and Mondal [4] and many others.
A relation between the quarter-symmetric metric connection∇ and the Levi-Civita connection ∇ on (M, g) has been obtained by De,Özgür and Sular [5] which is given by
Further, a relation between the curvature tensorR of the quarter-symmetric metric connection∇ and the curvature tensor R of the Levi-Civita connection ∇ is given bȳ
The notions of weakly symmetric and Ricci-symmetric Riemannian manifolds was introduced by Tamássy and Binh ( [11] , [10] ). In [1] De and Gazi introduced the notion of almost pseudo-symmetric Riemannian manifolds.
In the present paper we discuss the existence of weakly symmetric and weakly Ricci-symmetric LP-Sasakian manifolds admitting a quarter-symmetric metric connection. The paper is organized as follows: After introduction in section 2, we give a brief account of the LP-Sasakian manifolds. Section 3 is devoted to obtaining the relation between the curvature tensor of the LPSasakian manifolds with respect to the quarter-symmetric metric connection and the Levi-Civita connection. Section 4 deals with the weakly symmetric LP-Sasakian manifold which admits a quarter-symmetric metric connection and prove that there is no weakly symmetric LP-Sasakian manifolds (n > 3) admitting a quarter-symmetric metric connection, unless A + C + D vanishes everywhere. In the next section, we investigate the weakly Ricci-symmetric LPSasakian manifolds admitting a quarter-symmetric metric connection. Finally, we construct an example for the existence of weakly symmetric and weakly Ricci-symmetric LP-Sasakian manifolds with respect to the quarter-symmetric metric connection.
LP-Sasakian Manifold
A differentiable manifold of dimension (n+1) is called Lorentzian ParaSasakian (briefly, LP-Sasakian) ( [9] , [8] ) if it admits a (1, 1)-tensor field ϕ, a contravariant vector field ξ, a 1-form η and a Lorentzian metric g which satisfy
Further, on such an LP-Sasakian manifold with the structure (ϕ, ξ, η, g) the following relations hold:
where S is the Ricci tensor with respect to Levi-Civita connection.
Curvature tensor of a LP-Sasakian manifold with respect to the quarter-symmetric metric connection
Using (2.4) and (2.6) in (1.2), we get
Putting X = ξ in (3.1) and using (2.1), (2.2) and (2.8), we havē
Combining (3.2) and (3.3), we obtain
Again putting Z = ξ (3.1) and using (2.1), (2.2) and (2.7), it follows that
Taking a frame field from (3.1), we get
Putting Z = ξ in (3.6) and using (2.1), (2.2) and (2.10), we havē
Combining (1.1) and (2.6), it follows that
Again combining (1.1) and (2.5), it follows that
From the above discussions we can state the following theorem:
Theorem 3.1. For a LP-Sasakian manifold M with respect to the quartersymmetric metric connection∇ (i) The curvature tensorR is given by (3.1), (ii) The Ricci tensorS is given by (3.6), (iii)R(ξ,
Y )Z = −2η(Z)Y − 2η(Y )η(Z)ξ, (v)R(X, Y )ξ = 2η(Y )X − 2η(X)Y, (iv)R(X, Y )Z = −R(Y, X)Z, (vi) The Ricci tensorS is symmetric, (vii)S(Y, ξ) = 2(n − 1)η(Y ), (viii) (∇ X η)(Y ) = g(X, ϕY ), (ix)∇ X ξ = ϕX.
Weakly symmetric LP-Sasakian manifolds admitting a quarter-symmetric metric connection
A non-flat Riemannian manifold M (n > 3) is said to be weakly symmetric [11] if there exist 1-forms A, B, C and D which satisfy the condition We give the following definition: A non-flat Riemannian manifold M (n > 3) is said to be weakly symmetric with respect to the quarter-symmetric metric connection if there exist 1-forms A, B, C and D which satisfy the condition
Let M be a weakly symmetric LP-Sasakian manifold admitting a quartersymmetric metric connection. So the equation (4.1) holds.
Taking a frame field from (4.1), we get
where E is defined by E(X) = g(X, P ).
Putting V = ξ in (4.2) and using (3.4), (3.5) and (3.7), we have
We know that
Putting V = ξ in (4.4) and using (3.7), (3.8) and (3.9), we obtain
Combining (4.3) and (4.5), it follows that
Putting X = Z = ξ in (4.6), and using (2.1), (2.2) and (3.7), we get
Which implies that (since n > 3)
Putting Z = ξ in (4.2) and using (3.4), (3.5) and (3.7), we have
Putting Z = ξ in (4.4) and using (3.7), (3.8) and (3.9), we obtain
Combining (4.8) and (4.9), it follows that
Putting V = ξ in (4.10) and using (2.1), (2.2) and (3.7), we get
Putting X = ξ in (4.10) and using (2.1), (2.2) and (3.7), we have
Interchanging V by X in (4.12), it follows that
Adding (4.11) and (4.13), we obtain
Putting Z = ξ in (4.6) and using (2.1), (2.2) and (3.7), we get
Adding (4.14) and (4.15) and using (4.7), we have
We can state the following theorem: 
Weakly Ricci-symmetric LP-Sasakian manifolds admitting a quarter-symmetric metric connection
A non-flat Riemannian manifold M (n > 3) is said to be weakly Riccisymmetric [11] if there exist 1-forms α, β and γ which satisfy the condition
(∇ X S)(Y, Z) = α(X)S(Y, Z) + β(Y )S(X, Z) + γ(Z)S(Y, X),
for all vectors fields X, Y, Z ∈ χ(M ) and where α, β and γ are not simultaneously zero.
We give the following definition: A non-flat Riemannian manifold M (n > 3) is said to be weakly Riccisymmetric with respect to the quarter-symmetric metric connection if there exist 1-forms α, β and γ which satisfy the condition
whereS is a Ricci tensor with respect to the quarter-symmetric metric connection. Let M be a weakly Ricci-symmetric LP-Sasakian manifold admitting a quarter-symmetric metric connection. So the equation (5.1) holds.
Interchanging Z by Y in (4.5) and adding with (5.2), we have
Putting X = Y = ξ in (5.3) and using (2.1), (2.2) and (3.7), we obtain
Putting X = ξ in (5.3) and using (2.1), (2.2) and (3.7), it follows that
Putting Y = ξ in (5.3) and using (2.1), (2.2) and (3.7), we get
Since (∇ ξS )(ξ, X) = 0, then from (5.1), we have
Interchanging Y by X in (5.5) and adding it with (5.6) and (5.7) and using (5.4), we obtain
for any vector field X on M.
We state the following theorem : Let η be the 1-form defined by
for any Z ∈ χ(M ).
Let ϕ be the (1, 1)-tensor field defined by
Using the linearity of ϕ and g, we have
η(e 3 ) = −1, 
Taking e 3 = ξ and using Koszul's formula we get the following ∇ e1 e 1 = 0, ∇ e1 e 2 = −e 3 , ∇ e1 e 3 = e 2 , ∇ e1 e 4 = 0, ∇ e1 e 5 = 0, ∇ e2 e 1 = e 3 , ∇ e2 e 2 = 0, ∇ e2 e 3 = e 1 , ∇ e2 e 4 = 0, ∇ e2 e 5 = 0, ∇ e3 e 1 = e 2 , ∇ e3 e 2 = e 1 , ∇ e3 e 3 = 0, ∇ e3 e 4 = e 5 , ∇ e3 e 5 = e 4 , ∇ e4 e 1 = 0, ∇ e4 e 2 = 0, ∇ e4 e 3 = e 5 , ∇ e4 e 4 = 0, ∇ e4 e 5 = −e 3 , ∇ e5 e 1 = 0, ∇ e5 e 2 = 0, ∇ e5 e 3 = e 4 , ∇ e5 e 4 = e 3 , ∇ e5 e 5 = 0. Using (1.1) in above equation, we obtain ∇ e1 e 1 = 0,∇ e1 e 2 = −e 3 ,∇ e1 e 3 = e 2 ,∇ e1 e 4 = 0,∇ e1 e 5 = 0, ∇ e2 e 1 = e 3 ,∇ e2 e 2 = 0,∇ e2 e 3 = e 1 ,∇ e2 e 4 = 0,∇ e2 e 5 = 0, R(e 2 , e 5 )e 4 = e 1 − e 2 ,R(e 3 , e 5 )e 4 = −e 3 . From components of the curvature tensor, we can easily calculate components of the Ricci tensor with respect to the Levi-Civita connection and the quarter-symmetric metric connection, respectively, as follows:
S(e 1 , e 1 ) = S(e 3 , e 3 ) = S(e 4 , e 4 ) = −1, S(e 2 , e 2 ) = 3, S(e 5 , e 5 ) = 1 and S(e 1 , e 1 ) =S(e 3 , e 3 ) =S(e 4 , e 4 ) = −2,S(e 2 , e 2 ) =S(e 5 , e 5 ) = 2.
Using the above components of the curvature tensor with respect to the quarter-symmetric metric connection and the equation 4.1, we get Thus, this example is the necessary condition for the existence of weakly symmetric and weakly Ricci-symmetric LP-Sasakian manifolds admitting a quarter-symmetric metric connection, that is, this example supports Theorem 4.1 and Theorem 5.1.
